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Abstract 

We prove that if C is a tensor C*-category in a certain class, then there exists an uncount- 
able family of pairwise non stably isomorphic Hi factors (Mi) such that the bimodule cat- 
egory of Mi is equivalent to C for all i. In particular, we prove that every finite tensor 
C*-category is the bimodule category of a Hi factor. As an application we prove the ex- 
istence of a Hi factor for which the set of indices of finite index irreducible subfactors is 
{l,3±^,12 + 3Vl3,4 + Vl3, n+3Vi3 ) 13+3713 ^ 19+5713 ^ Z+^H | , W e also give the first ex- 
ample of a Hi factor M such that Bimod(M) is explicitly calculated and has an uncountable 
number of isomorphism classes of irreducible objects. 



1 Introduction 

The description of symmetries of a Hi factor M, such as the fundamental group J~(M) of Murray 
and von Neumann and the outer automorphism group Out(M), is a central and usually very hard 
problem in the theory of Hi factors. Over the last ten years, Sorin Popa developed his deformation- 
rigidity theory |Pop02 Pop03, Pop04| and settled many long standing open problems in this di- 



rection. See |Vae06al Pop07 fVaelO] for a survey. In particular, he obtained the first complete 



calculations of fundamental groups |Pop02| and outer automorphism groups [IPP05J. His methods 
were used in further calculations. Without being exhaustive, see for example |Pop03 [PV08[ DeplO| 



concerning fundamental groups and |PV06| rVae07| IFV07| for outer automorphism groups. 

Bimodules mWm over a Hi factor M having finite left and right M-dimension are said to be of finite 
Jones index (see |Con941 Pop86|) and they give rise to a category, which we denote by Bimod(M). 



Endowed with the Connes tensor product of Af-M-bimodules, Bimod(M) is a compact tensor C*- 
category, in the sense of Longo and Roberts [LR97] . 

The bimodule category of a Hi factor M may be seen as a generalized symmetry group of M. It 
contains a lot of structural information on M and encodes several other invariants of M. Indeed, 
if grp(M) denotes the group-like elements in Bimod(M), i.e. bimodules of index 1, one has the 
following short exact sequence 

1 — F(M) — grp(M) — Out(M) — 1 . 

Finite index subfactors N a M are also encoded in a certain sense by the bimodule category 
Bimod(M), since, denoting N <z M a M\ the Jones basic construction, we obtain a finite index 
bimodule ^L 2 (Mi)a,/. 

As explained above, in [IPP05] the first actual computation of the outer automorphism group of Hi 
factors was achieved, using a combination of relative property (T) and amalgamated free products. 
Extending their methods, in [Vae06b| . Vaes proved the existence of a Hi factor M with trivial 



1 Partially supported by the Fondation des Sciences Mathematiques de Paris 

2 Partially supported by Marie Curie Research Training Network Non-Commutative Geometry MRTN-CT-2006- 
031962 and by K.U.Leuven BOF research grant OT/08/032 



bimodule category. As a consequence, all the symmetry groups and subfactors of M were trivial. 
Also relying on Popa's methods, in [FV08J, Vaes and the first author proved that the representation 
category of any compact second countable group can be realized as the bimodule category of a 
III factor. More precisely, given a compact second countable group G, there exists a Hi factor 
M and a minimal action G M such that, denoting M G the fixed point Hi factor, the natural 
fully faithful tensor functor Rep(G) — ► Bimod(M G ) is an equivalence of tensor C* -categories. Both 
papers followed closely [IPP05] and thus, they give only existence results. 

Explicit results on the calculation of bimodule categories are obtained in [Vae07j and [DV10J. Both 
articles are based on generalizations of Popa's seminal papers |Pop02, Pop03| on Bernoulli crossed 



products. In [Vae07j, Vaes gave explicit examples of group-measure space Hi factors M for which the 
fusion algebra, i.e. isomorphism classes of finite index bimodules and fusion rules, were calculated. 
The complete calculation of the category of bimodules over Hi factors coming from [Vae07j was 
obtained by Deprez and Vaes in [DV10J. Even more is proven in |DV10| . since the C*-bicategory of 
III factors commensurable with M, i.e. those Hi factors N admitting a finite index A-M-bimodule, 
is also computed and explicitly arises as the bicategory associated with a Hecke pair of groups. 

Note that by |DR89j, representation categories of compact second countable groups can be char- 
acterized abstractly as symmetric compact tensor C* -categories with countably many isomorphism 
classes of irreducible objects. Among compact tensor C*-categories, finite tensor C* -categories, 
i.e. those which admit only finitely many isomorphism classes of irreducible objects, form another 
natural class. In this article, we prove that every finite tensor C*-category arises as the bimodule 
category of a Hi factor. 

Theorem A. Let C be a finite tensor C* -category. Then there is a II\ factor M such that 
Bimod(M) ~ C. 

As an application of the above theorem, we prove the existence of a Hi factor for which the set of 
indices of irreducible finite index subfactors can be explicitly calculated and contains irrationals. 
Recall the amazing theorem of Jones, proving that the index of an inclusion of Hi factors N <^ M 
ranges in the set 

X = { 4 cos (-) | n = 3, 4, 5, ... 1 u [4, +00] . 



Given a Hi factor M, Jones defines the invariant 



C{M) = {A I there is a finite index irreducible inclusion fcMof index A} . 

Jones proved that every element of X arises as the index of a not necessarily irreducible subfactor 
of the hyperfinite Hi factor. However, the problem of computing C{R) is still widely open. In 
[Vae-07, Vac 06b] . Vaes proved the existence of Hi factors M for which C{M) = {1} and C{M) = 
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n e N}. The invariant C{M) is also computed in |FV08] and arises as the set of dimensions of 
some finite dimensional von Neumann algebras. In |DV10| . Deprez and Vaes constructed concrete 
group- measure space Hi factors M with C{M) ranging over all sets of natural numbers that are 
closed under taking divisors and taking lowest common multiples. 

All above results provide Hi factors M for which C(M) is a subset of the natural numbers. However, 
combining recent work on tensor categories [GSllJ and our Theorem [Aj we prove the following 
theorem. 

Theorem B. There exists a II\ factor M such that 

5 + VT3 „„ „ r— A r— 11 + 3V13 13 + 3^ 19 + 5\/l3 7 + ^1 



C(M) = |l, 5+ 2 V ^ ,12 + 3Vl3,4 + Vl3, 
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In |Vae07| . [FV08J and [ DV10| only categories with at most countably many isomorphism classes 
of irreducible objects were obtained as bimodule categories of Hi factors. In this article we give 
examples of Hi factors M such that Bimod(M) can be calculated and has uncountably many 
pairwise non isomorphic irreducible objects. For example, if G is a countable, discrete group, we 
prove the existence of a Hi factor M such that Bimod(M) ~ Repfi n (G). Here, Repfi n (G) denotes 
the category of finite dimensional representations of G. 

Theorem C. LetC denote one of the following compact tensor C* -categories. Either C = Repfi n (G) 
for a countable discrete group, or C = CoRep fin (A) for an amenable or a maximally almost periodic 
discrete Kac algebra A. Then, there is a Il\ factor M such that Bimod(M) ~ C. 

Our construction consists of two main steps. 

(i) Given any quasi-regular, depth 2 inclusion JVcQof Hi factors, such that N and N' n Q are 
hyperfinite, denote by N cz Q cz Q\ the Jones basic construction. We construct a Hi factor 
M and a fully faithful tensor C*-functor F : Bimod(Q cz Q x ) -> Bimod(M) (see Section [233] 
for the bimodule category associated with an inclusion of Hi factors). 

(ii) Using Ioana, Peterson and Popa's rigidity results for amalgamated free product von Neumann 
algebras [IPP05J, we prove that under suitable assumptions (see Theorem 13. ip the functor F 
is essentially surjective. 

The above steps yield a Hi factor M such that Bimod(M) ~ Bimod(Q c Q^. Using the setting 
of |IPP05| . as in |FV07[ [FV081 IVae06b] , this result is not constructive. We only prove an existence 
theorem, which involves a Baire category argument (see Theorem 12. 19[) . More precisely, we prove 
the following Theorem iDl and Theorems lAl and ICl are obtained as corollaries. 

Theorem D. Let N cz Q be a quasi-regular and depth 2 inclusion of II\ factors. Assume that 
N and N' n Q are hyperfinite and denote by N c Q cz Qi the basic construction. Then, there 
exist uncountably many pairwise non-stably isomorphic II\ factors {Mi) such that for all i we have 
Bimod(Mj) ~ Bimod(Q cz Qi) as tensor C* -categories. 
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2 Preliminaries and notations 

In this paper, von Neumann algebras are assumed to act on a separable Hilbert space. A von 
Neumann algebra (M, r) endowed with a faithful normal tracial state r is called a tracial von 
Neumann algebra. We define L 2 (M) as the GNS Hilbert space with respect to r. 

Whenever M is a von Neumann algebra, we write M n = M n (C) ® M and M 00 = B(^ 2 (N))®M. 
Whenever H is a Hilbert space, we also denote Ti 03 = £ 2 (N) ®%. 
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If B a M is a tracial inclusion of von Neumann algebras, then we denote by the trace preserving 
conditional expectation of M onto B. Also if pB n p a pM n p is an amplification of B a M, we still 
denote by the trace preserving conditional expectation onto pB n p. 

2.1 Finite index bimodules 

Let M, A be tracial von Neumann algebras. An M-A-bimodule m^-n is a Hilbert space T~L equipped 
with a normal representation of M and a normal anti-representation of A that commute. Bimodules 
over von Neumann algebras were studied in [C on94t V. Appendix B] and |Pop86|. 

Let H be an M-A-bimodule. There exists a projection p e A 00 such that 

H N = (pL\N) n ) N , 

and this projection p is uniquely defined up to equivalence of projections in A 00 . There also exists 
a *-homomorphism i/j : M — > pN m p such that mT^-n is isomorphic with the M-A-bimodule 1~L(ip) 
defined as Hilbert space pL 2 (N) c0 and endowed with actions given by 

a .£ = ^( a )£ an d £-b = £b and aeM , beN , £ e pL 2 (A)°° . 

Furthermore, if ip : M — > pN°°p and 1] : M — > qN°°q, then m7~L{iP)n = M^( r /)A r if an d only if there 
exists u e A°° satisfying uu* = p, u*u = q and ip{a) = urj(a)u* for all o e M. 

Note that M-A-bimodules mT^-n can a l s ° he described by means of right actions of *- 
homomorphisms : N — * pM°°p as 

M U N s m((^ 2 (N)* ®l?{M))p) m) . 

Let Ti be a right A-module and write Hj\r = (pL 2 (A) G0 ) JV , for a projection p e A 00 . Denote 
dim_jv(?^) = (Tr®r)(p). Observe that the number dim_7\r(^) depends on the choice of the trace r, 
if A is not a factor. 

An M-A-bimodule mUn i s sa id to be of finite Jones index if dimjvf-(%) < +°0 and dim_Ar(%) < +00. 
In particular, the Jones index of a subfactor iV c M is defined as [M : A] = dim_j\r(L 2 (M)), see 
[Jon83]. Using the above notations, consider a bimodule of the form mT~^{^)n with finite Jones 
index. Then, one may assume that i/j is a finite index inclusion ip : M —* pN n p. 



2.2 Popa's intertwining-by-bimodules technique 



In |Pop03 Section 2], Popa introduced a very powerful technique to deduce unitary conjugacy of 



two von Neumann subalgebras A and B of a tracial von Neumann algebra M from their embedding 
A <m B, using interwining bimodules. When A,B<^M are Cartan subalgebras of a Hi factor M, 
Popa proves |Pop02[ Theorem A.l] that A 

<M B if and only if A and B are actually conjugated by 



a unitary in M . We also recall the notion of full embedding A <{, B of A into B inside M. 

Definition 2.1. Let M be a tracial von Neumann and A,B a M n be possibly non-unital subalge- 
bras. We write 

• A <m B if l^L 2 (M n )ls contains a non-zero ^4-i?-subbimodule K, that satisfies dim_^(/C) < 
00. 
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• A < } M B if Ap <m B for every non-zero projection p e \aM u \a n A'. 

We will use the following characterization of embedding of subalgebras. It can be found in |Pop03 
Theorem 2.1 and Corollary 2.3] (see also Appendix F in [BO08J). 

Theorem 2.2 (See |Pop03|). Let M be a tracial von Neumann algebra and A,Bcz M n possibly 
non-unital subalgebras. The following are equivalent. 

• A < M B, 

• there exist m e N, a *-homomorphism ip : A —* pB m p and a non-zero partial isometry 
v £ l J 4(Mi iTO (C) (x) M n )p satisfying av = vip(a) for all a e A, 

• there is no sequence of unitaries e U{A) such that ||Es(xMfcy)||2 — ► for all x,y e M n . 

Note that the entries of v as in in the previous theorem span an ^4-i?-bimodule /C c L 2 (M n ) such 
that dim_^(/C) < oo. 

We will make use of Theorem 12.41 due to Vaes, [Vae071 Theorem 3.11]. We first recall the notion of 
essentially finite index inclusions of Hi factors (see |Vae07| Proposition A. 2]) and embedding of von 
Neumann subalgebras inside a bimodule. 

Let N cz M be an inclusion of tracial von Neumann algebras. We say that N cz M has essentially 
finite index if there exists a sequence of projections p n e N' n M such that p n tends to 1 strongly 
and Np n cz p n Mp n has finite Jones index for all n. 

Definition 2.3. Let M,N be tracial von Neumann algebras and A cz M, B cz N von Neumann 
subalgebras. Let mT~Ln be an M-A^-bimodule. We write 

• A <u B if H contains a non-zero A-S-subbimodule K, cz% with dim_s(/C) < oo. 

• A <y^ B if every non-zero ^4-A-subbimodule K, cz % satisfies A B. 

Denote by r the trace on M. Let H be an M-A"-bimodule. Using notations from Section \2.1\ write 
% = 1~L(ip) where ip is a *-homomorphism ip : M — > pN^p and p a projection in N°°. Suppose that 
dim_7v(%) < +oo, i.e (Tr®r)(p) < +00. Then, as remarked in |Vae07j, one has 

• A <q-i B if and only if ip(A) <n B, 

• A < f H B if and only if ip(A) < f N B. 

Theorem 2.4 ( [Vae07| Theorem 3.11]). Let N,M be tracial von Neumann algebras, with trace r. 
Let A cz M , B cz N be von Neumann subalgebras. Assume the following. 

• Every A-A-subbimodule K cz L 2 (M) satisfying dim_ J 4(/C) < +00 is included in L 2 (A). 

• Every B-B-subbimodule K. cz L 2 (N) satisfying dim_^(/C) < +00 is included in L 2 (£>). 

Suppose that mHn is a finite index M-N -bimodule such that A <^ B and A >^ B. Then there 
exists a projection p e i? 00 satisfying (Tr®r)(p) < +00 and a *-homomorphism ip : M — > pN^p 
such that 

M H N s mH^) n , ${A) cz P B X 
and this last inclusion has essentially finite index. 
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2.3 Amalgamated free products of tracial von Neumann algebras 

Throughout this section we consider von Neumann algebras Mo, Mi endowed with faithful normal 
tracial states tq,t\. Let N be a common von Neumann subalgebra of Mq and M\ such that the 
traces tq and T\ coincide on N. We denote M = Mq * n M\ the amalgamated free product of Mq and 
Mi over N with respect to the trace preserving conditional expectations (see |Pop93| and |VDN 92j). 
Recall that M is endowed with a conditional expectation E : M — > N and the pair (M, E) is unique 
up to ^-preserving isomorphism. The von Neumann algebra Mq *n M\ is equipped with a trace 
defined by r = tq o E = t\ o E. 



2.3.1 Rigid subalgebras 

Kazhdan's property (T) was generalized to tracial von Neumann algebras by Connes and Jones in 
[CJ85] and is defined as follows. A Hi factor M has property (T) if and only if there exists e > 
and a finite subset F a M such that every M-M-bimodule that has a unit vector £ satisfying 
\\x£ — (,x || ^ e, for all x £ F, actually has a non-zero vector £o satisfying x£q = £qx, for all x G M. 

Note that a group T such that every non-trivial conjugacy class is infinite (ICC group) has property 
(T) in the sense of Kazhdan if and only if the Hi factor L(r) has property (T) in the sense of Connes 
and Jones. 

Popa defined a notion of relative property (T) for inclusions of tracial von Neumann algebras, see 
|Pop02 Definition 4.2]. Such an inclusion is also called rigid. In particular, if N is a Hi factor- 



having property (T), then any inclusion N a M in a finite von Neumann algebra M is rigid. 
We will make use of the following characterization of relative property (T). 

Theorem 2.5 (See |Pop02| and [PP05J). An inclusion N a M of tracial von Neumann algebras 
is rigid if and only if every sequence (ip n ) of trace preserving, completely positive, unital maps 
tp n : M — > M converging to the identity pointwise in || • H2, converges uniformly in \\-\\2 on the unital 
ball (N)x of N. 

We recall Ioana, Peterson and Popa's Theorem 5.1 from [IPP05] which controls the position of rigid 
subalgebras of amalgamated free product von Neumann algebras. We choose to work with matrices 
over amalgamated free products, which is not a more general situation, since {Mq *n M\) n can be 
identified with M£ * r Mf . 

Theorem 2.6 (See |IPP05t Theorem 4.3]). Let M = M Q * N M x . Let p e M n be a projection and 
Q c pM n p a rigid inclusion. Then there exists i e {0, 1} such that Q <m Mj. 



2.3.2 Control of quasi-normalizers 

Let M be a tracial von Neumann algebra and iV c M a von Neumann subalgebra. The quasi- 
normalizer of N inside M, denoted QN M (N), is defined as the set of elements a e M for which 
there exist a\ , . . . , a n , h\ , . . . , b m e M such that 

n m 

Nacz^ a i N , , oiVc ^JVf),. 
i=l i=l 

The inclusion N a M is called quasi-regular if QN M (N)" = M. One also defines the group of 
normalizing unitaries NormAr(M) of N a M as the set of unitaries u € M satisfying uNu* = N . 
The normalizer of N in M is Norm A f(A r )". Note that N' n M c Norm M (iV)" <= Q~N M (N)". 
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Theorem 2.7 (See |IPP05t Theorem 1.1]). Let M = M Q * N Mi. Let p e Mft be a projection and 
Q cz pM^p a von Neumann subalgebra satisfying Q -^m N. Whenever K cz p(C n (x) L 2 (M)) is 
a Q-Mo-subbimodule with dim_M (IC) < +<x>, we have K, cz p(C n ® L 2 (Mo)). In particular, the 
quasi-normalizer of Q inside pM n p is contained inpM^p. 

2A Tensor C*-categories, fusion algebras and bimodule categories of IIx factors 

We briefly recall some definitions for tensor C*-categories and refer to [LR97, Sch97| for more infor- 
mation and precise statements. A tensor C*-category is a C*-category with a monoidal structure, 
such that all structure maps are unitary. A tensor C*-category is called regular if it has subobjects 
and direct sums and the unit object is strongly irreducible. A regular tensor C*-category is called 
compact if every object has a conjugate. A compact tensor C*-category is finite if it has only finitely 
many isomorphism classes of simple objects. 

Convention. Throughout this article we assume without loss of generality that all tensor categories 
involved are strict. 

2.4.1 Fusion algebras 

A fusion algebra A is a free N-module N[Q] equipped with 

• an associative and distributive product operation, and a multiplicative unit element e e Q, 

• an additive, anti-multiplicative, involutive map x >—* x, called conjugation, 

satisfying Frobenius reciprocity as follows. For x,y,z e Q, define m(x, y; z) e N such that 



Then, one has m(x, y; z) = m(x, z; y) = m(z, y; x) for all x,y, z e Q. 

The base Q of the fusion algebra A, also called the irreducible elements of A, consists of the non-zero 
elements of A that cannot be expressed as the sum of two non-zero elements. 

We have the following examples of fusion algebras. 

• Given a countable group T, one gets the associated fusion algebra A = N|T]. 

• Let G be a locally compact group and define the fusion algebra A of Repfi n (G) as the set 
of equivalence classes of finite dimensional unitary representations of G. The direct sum and 
tensor product of representations in Repfi n (G) yield a fusion algebra structure on A. 

• More generally, the isomorphism classes of objects in a compact tensor C*-category form a 
fusion algebra. Note that there exist non-equivalent tensor C*-categories having isomorphic 
fusion algebras. 

In this article we are mainly interested in tensor C*-categories and fusion algebras coming from 
bimodules over Hi factors. We recall some definitions and refer to [Bis97j for background material 
and results on bimodules and fusion algebras, in particular in relation with subfactors. 




z 
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2.4.2 The bimodule category of a Hi factor 

Let M, N, P be Hi factors. We denote by T~L ®jv K. the Connes tensor product of the M-N- 
bimodule T~L and the A-P-bimodule IC and refer to |Con94[ V. Appendix B] for details. Note that 

We recall now the following useful lemma from |FV08| concerning Connes tensor product versus 
product in a given module. The inclusion of Hi factors N a M considered in |FV08| is assumed to 
be irreducible (A 7 n M = CI). Instead, we assume that ./V cz M is quasi-regular. We give a proof 
for the convenience of the reader. 

Lemma 2.8 (|FV08, Lemma 2.2]). Let N cz N cz M be an inclusion of II\ factors and let P be 
a II\ factor. Assume that N cz M is quasi-regular and N cz N has finite index. Let mHp be an 
M-P -bimodule. Suppose that C cz % is a closed N -P -subbimodule. Suppose that IC cz L 2 (M) is an 
N -N -subbimodule of finite index. Denote by IC ■ C the closure of (/C n M)C inside H. Then 

• IC ■ C is an N-P-bimodule isomorphic to a subbimodule of /C®^- C. 

• If K- C, is non-zero and /C (x)^ C is irreducible then, IC ■ C and /C (x)^ C are isomorphic N-P- 
bimodules. 

Whenever pHm is a P-M -bimodule with closed P-N -subbimodule C and KL cz L 2 (M) an N-N- 
subbimodule, we define C ■ K as the closure of C{JC n M) inside H and, by symmetry, we find that 
C ■ K, is isomorphic with a P-N -subbimodule of C<S>n 

Proof. Let H, IC and C be as in the statement of the lemma. Note that /C n M is dense in /C, 
since iV cz M is quasi-regular and N cz N has finite index. Moreover, all vectors in IC n M 
are A^-bounded. So, there exists a finite index inclusion ip : N — > pN n p and an A-A-bimodular 
isomorphism T : H(ip) = p(C n ®L 2 (A)) JC such that T(p(ei ® 1)) E JC n M for all i. We 
have IC <2)^ £ = p(C n ® £), hence we can define an A-P-bimodular map S : p(C n ® C) — > IC ■ C by 
S{p{&i®^)) = T(p(ej(E)l)) -i- The range of T is dense in IC- C. After taking the polar decomposition 
of T we get a coisometry IC (x)jy C — > fC ■ C. □ 

The contragredient of an M-A-bimodule mHn is the A-M-bimodule defined on the conjugate 
Hilbert space T{ with bimodule actions given by a ■ £ = (£a*) and £ • b = (&*£). 

The Connes tensor product and contragredience induce a compact tensor C*-category structure on 
the category of finite index M-M bimodules, where morphisms are given by bimodular maps. 

Definition 2.9. Let M be a Hi factor. We define Bimod(M) to be the tensor C*-category of finite 
index M-M-bimodules and Falg(M) the associated fusion algebra. 

We recall the notion of pairs of conjugates in strict tensor C*-categories. 

Definition 2.10 (See [LR97J). Let x be an object in a strict tensor C*-category C. A conjugate 
for x is an object x in C and morphisms R : 1q — ► X ® x, R : 1q — * x®x such that 

(R* ® id x ) o (idj. ® R) = id x and (R* (g) idsr) o (id^ (g) fl) = id^ • 

In the following theorem, pairs of conjugates are used to characterize finite index bimodules among 
all bimodules over a Hi factor (see [L~R97j and also |Fal09l Theorem 5.32]). 

Theorem 2.11. Let M be a II\ factor and let mHm an M -M -bimodule. Then m"Hm has finite 
index if and only if m^m has a conjugate in the tensor C* -category of all M-M-bimodules. 
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2.4.3 Tensor C*-categories arising from subfactors 

Let M be a Hi factor and N cz M a subfactor. Write for the projection L 2 (M) — ► L 2 (N). 
The von Neumann algebra (M, ejy) c B(L 2 (M)) generated by M and ejy, called the Jones basic 
construction, was introduced in [Jon83j and is denoted M\. Note that L 2 (Mi) is an M-M-bimodule 
and it is of finite Jones index whenever [M : N] < +00. We will frequently use the fact that 
dim(iV' n M) < +00 if [M : N] < +00. 

Definition 2.12. Let N cz M be an inclusion of type Hi factors. We define Bimod(A r a M) to be 
the tensor C*-subcategory of Bimod(iV) generated by all finite index iV-A-bimodules that appear 
in L 2 (M). We denote by Falg(iV 1= M) the associated fusion subalgebra of Bimod(iV 1= M). 

We give the following definition of depth 2, as in jEVOOj. 

Definition 2.13. Let N cz Q be an inclusion of Hi factors. Let N a Q cz Q\ c Q 2 a ■ ■ ■ be the 
Jones tower. Then N cz Q has depth 2 if N' n Q cz N' n Q\ cz N' n Q2 is a basic construction. 

Identify N' n Q2 with the space of bounded iV-Q-bimodular maps Btv-q(L 2 ((5i, TV)). Denote by 
Homjv_g(L 2 ((5), L 2 (Qi)) the Hilbert space completion of iV-Q-bimodular maps from L 2 (Q,r) to 
L 2 (Qi, Tr) with respect to the scalar product (T, S} = r(S*T). We recall the following special case 
of |EV00| Theorem 3.10]. 

Theorem 2.14 (See [EV00[ Theorem 3.10]). The inclusion N cz Q of II\ factors has depth 2 if and 
only if the natural action of N' n Q2 on Homj^_Q(L 2 (Q), L 2 (Qi)) is faithful. 

As a consequence, we obtain the following characterization of depth 2 inclusions that we use in this 
article. 

Corollary 2.15. Let N,Q be II\ factors. Then, the inclusion N cz Q has depth 2 if and only if 
nL 2 (Qi)q is isomorphic to an N -Q-subbimodule of atL 2 ((5) go q. 

Proof. Let N cz Q be a depth 2 inclusion of Hi factors. Let p e N' n Q2 he the projection 
onto the orthogonal complement of the maximal iV-Q-subbimodule of L 2 (Qi) which is contained in 
iV L 2 (g) 0C Q. Then, p acts trivially on HomAr_ Q (L 2 (Q), L 2 (Qi)). Therefore, p = by Theorem EH 

Assume that nL 2 (Qi)q is isomorphic to a subbimodule of atL 2 (Q) gc q. Let p e N' n Q2 be a non-zero 
projection. Then pL 2 (Q\) is a non-zero A-Q-bimodule, so there is a non-trivial A-Q-bimodular map 
T : L 2 (Q) -> pL 2 {Qi). We have p ■ T = T ± 0, so p acts non-trivially on Hom^.g (L 2 (Q) , L 2 (Qi)) . 
We have proven that N' n Q2 acts faithfully on Hom7V-Q(L 2 (Q), L 2 (Qi)). We conclude using again 
Theorem l2~T4l □ 

2.4.4 The fusion algebra of almost-normalizing bimodules 

Let N cz M be a regular inclusion, i.e. Norm^/j (./V)" = M. For any element u e Normj\,/(A) the 
A^-A^-bimodule uL 2 (N) has finite index and lies in L 2 (M). Such bimodules are generalized by the 
notion of bimodules almost-normalizing the inclusion N cz M, which was introduced by Vaes in 
[Vae06bj. This notion was adapted to more general irreducible, quasi-regular inclusions of Hi factors 
JVcMin |FV08| . We recall the definition. 
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Definition 2.16. Let N cz M be an irreducible and quasi-regular inclusion of type Hi factors. 
A finite index A-A-bimodule is said to almost-normalize the inclusion A <z M, inside Falg(iV), 
if it arises as a finite index A-A-subbimodule of a finite index M-M-bimodule. We denote by 
AFalg(A i= M) the fusion algebra generated by A-A-bimodules almost-normalizing the inclusion 
JVcM. 

Let A be a Hi factor and V a countable group acting outerly on A. Write M = A x V and assume 
that the inclusion A cz A x V is rigid. It is proven in |Vae06b| Lemma 4.1] that the fusion algebra 
AFalg(A cz A x r) is a countable fusion subalgebra of Falg(A). The next lemma is a straightforward 
adaptation of |Vae06b, Lemma 4.1]. 

Lemma 2.17. Let A cz M be a rigid, irreducible and quasi-regular inclusion of type II\ factors. 
Then, the fusion algebra AFalg(A cz M) is a countable fusion subalgebra o/Falg(A r ). 

2.4.5 Freeness of fusion algebras 

The notion of freeness of fusion algebras was introduced in |BJ97[ Section 1.2], in the study of free 
composition of subfactors. We recall the definition. 

Definition 2.18 ( |BJ97| Section 1.2]). Let A be a fusion algebra and Ao, A\ cz A fusion subalgebras. 
We say that .Ao and A\ are free inside A if every alternating product of irreducibles in Ai\{e}, 
remains irreducible and different from e. 

Let M be a Hi factor and mK-m a finite index M-M-bimodule. Whenever a £ Aut(M), we define the 
conjugation of /C by a as the bimodule JC a = T~L(a^ 1 ) ®m /C®m 7~l(a). Denote by R the hyperfinite 
Hi factor. Vaes proved in |Vae06b| Theorem 5.1] that countable fusion subalgebras of Falg(-R) can 
be made free by conjugating one of them with an automorphism of R (see Theorem 12.191 below). 
Note that the same result has first been proven for countable subgroups of Out(i?) in [IPP05] . In 
both cases, the key ingredients come from [Pop95|. 

Theorem 2.19 ([Vae06b, Theorem 5.1]). Let R be the hyperfinite II\ factor and Ao, A\ two count- 
able fusion subalgebras o/Falg(i?). Then, 

{a e Aut(i2) | Aq and A\ are free} 

is a dense Gs-subset of Aut(R). 



3 Proof of Theorem D 



We recall the following construction, from |FV08| . Consider the group T = Q 3 © Q 3 X SL(3,Q), 
defined by the action A ■ (x,y) = (Ax, (A l y l y) of SL(3,Q) on Q 3 ©Q 3 . Take aeK-Q, define 
n a e Z 2 (Q 3 © Q 3 , S 1 ) such that 

Q a ((x,y),(x',y')) = exp(2vria«x, y') - (y, x'») for all (x, y), (x', y') e Q 3 © Q 3 , 

and extend Q a to an 5' 1 -valued 2-cocycle on T by SL(3, Q)-invariance. Write A = Z 3 ©Z 3 . Then, 
by [FV08, Lemma 3.3] and |FV08, Example 3.4], the inclusions N cz Ao cz P given by 

A = Ln a (A), A = L^(Z 3 ©Z 3 x SL(3,Z)), P = Ln a (T) 

satisfy the following properties. 
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(V\) N cz P is irreducible and quasi-regular, 
(V2) Nq c P is quasi-regular, 
(V3) Nq lias property (T). 

Note that (Vi) follows from the fact that the inclusion A cz V is almost-normal, meaning the 
commensurator Commr(A) defined as 

Commr(A) := {g e V \ g^g 1 n A has finite index in gAg^and in A} 

is the whole of V. We know that the group SL(3, Q) does not have any non-trivial finite dimensional 
unitary representations (see [vNW40j). The smallest normal subgroup of V containing SL(3, Q) is 
r itself. This gives the following property. 

(V4) The group T has no non-trivial finite dimensional unitary representations. 

We will also need the following additional property, proven in FV08 Example 3.4]. 

(V5) The inclusion Lq q (Ao) <z Ln Q (r) is irreducible, for every finite index subgroup Ao < A. 
Theorem 3.1. Let Q be a II\ factor such that N cz Q. Let B = N' n Q and assume that 

• N cz Q is a quasi-regular and depth 2 inclusion, 

• B is hyperfinite, 

• there is no non-trivial *-homomorphism from Nq to any amplification of Q, 

• the fusion algebras AFalg(A r cz P) and Falg(A r cz Q) defined in Section \2-4\ are free inside 
Falg(A0. 

Then, for M = (P®B) 

*N®B Q> have that Bimod(ikf) ^ F3imod(Q cz Q\), as tensor C* - 
categories, where N cz Q cz Qi is the basic construction. 

Outline of the proof of Theorem [Pi We first prove Theorem 13.11 in two steps. In Section l3~T| 
we construct a fully faithful tensor C*-functor F : Bimod(Q c Qi) — * Bimod(M). In Section [3.21 
we prove that F is essentially surjective, which completes the proof of Theorem 13.11 In Section T3.3[ 
we give a proof of Theorem [Dj relying on Theorem 13.11 

In the rest of Section [3] will always use the notation of Theorem 13.11 
3.1 A fully faithful functor F : Bimod(Q cz Q t ) Bimod(M) 

Denote by C the tensor C*-category whose objects are finite index inclusions ifi : Q — > pQ°°p with 
p e S 00 , (Tr(g)r)(p) < 00 and tp(x) = xp for all x e N. The tensor product on C is given by 
^1 ®c "02 = (id (x) 1P2) V'l- Morphisms of C are given by 

Hom c (V>i,V2) = {T e qB cx> p \ Vx e Q : T^ x {x) = ^ 2 {x)T} . 

Proposition 3.2. The natural inclusion I : tfi >— * Ti{ip) of C into Bimod(Q) defines an equivalence 
of tensor C* -categories C =s Bimod((5 cz Qi). 
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Proof. It is easy to check that / is a faithful tensor C*-functor. We prove that I is full and that its 
essential range is Bimod((5 c Qi). 

We first prove that / is full. Let T : pL 2 (Q) co — > qL 2 (Q)°° be a Q-Q-bimodular map between T-L^i) 
and 7l{ r ip2)- Then T e pQ^q, since T is right Q-modular. We have Txp = xqT for all x e N, so it 
follows that T e pB^q. This proves that / is full. 

Let us prove that the image of / is contained in Bimod(Q c Qi). Take a finite index inclusion 
ij) : Q — > pQ x p with p e P 00 , (Tr®r)(p) < oo and ip(x) = xp for all x e iV and let % = 
We claim that U is a Q-Q-subbimodule of L 2 (Qi) c0 . Extend V to a map L 2 (Q) L^pQ 00 ^) 
and note that its entries, considered as operators on L 2 (Q), lie in Q\. Any non-zero column of ip 
defines a partial isometry v e p(M COj i(C)(x)(5i) satisfying vx = ip{x)v, for all x e Q. Note that 
w* e ip(Q)' n pQfp. If p ^ w*, then we may apply the previous procedure to the non-zero Q-Q- 
bimodule (p — w*) • % = H{ip{-){p — vv*)). Take a maximal family of non-zero partial isometries 
Vi inside p(M 0Ci i(C)(x)Qi) satisfying ip{x)vi = V{X for all x e Q and such that V{V* are pairwise 
distinct orthogonal projections. Consider the projection r = p — Yl v i v i' If ^ 7^ then we can 
apply the previous procedure to the non-zero bimodule r ■%. As above, we get a non-zero partial 
isometry w e r(Mco,i(C)®Qi) such that tJ){x)w = wx, for all x e Q. Then, ww* is orthogonal 
to all of the Vivf , which contradicts maximality of the family. So, p = Yu v i v f- Putting all these 
partial isometries in a row, we get an element u e p(Qi) co such that ux = tp(x)u, for all x 6 Q and 
uu* = 2 Vivf = p. This proves our claim. 

We now prove that every bimodule T~L of Bimod(Q c Qi) is contained in the essential range of I. 
Assume that % arises as a Q-Q-subbimodule of L 2 (Qi)®<2 fc , for some k e N. We prove that T~L is a 
subbimodule of L 2 (Qi) G0 . By Corollary 12. 15[ we have that Ti. is isomorphic, as TV-Q-bimodule, to a 
subbimodule of L 2 (Q)°°. Writing Ti. = T-L(ip), for some finite index inclusion ift : Q — > qQ n q, we find 
a non-zero A^-central vector v e g(M ni i(C) ®L 2 (<3)). Taking polar decomposition, we may assume 
that v e (/(M nj i(C)(x)(5) is a partial isometry satisfying ^(x)u = vx, for all x e N. As a consequence, 
we have v*v £ B. As in the previous paragraph, take a maximal family of non-zero partial isometries 
Vi inside g(M nj i(C) (x) Q) satisfying ip(x)vi = vix for sl\ x e N and q = ^ViV* . Putting all partial 
isometries Vi in one row, we get an element u e <7(M niCO (C)(x)Q) such that ijj(x)u = ux for all x e N 
and uu* = Yj v i v t = Q- Define p = u*u and note that p e P 00 . Conjugating with u* from the 
beginning yields a map ip : Q ~~ " pQ^P such that VK 3 ') = P x ) f° r all x e iV and still satisfying 
H^U{ip). □ 

Take a finite index inclusion i/j : Q — > pQ m p in C. Then, we have p e P 00 . Denote by t : 
P(x)P — ► p(P<^>B) rX) p the inclusion map given by x >— > on P and by the restriction on P. 
Since if) preserves N, it also preserves B = N' n Q and we obtain a map t * ip : M — > pM x p. If 
T e Home (^l) ^2), then T e qB m p. So, T defines an M-M-modular map from T-L{i*tp\) to H^l*^)- 
We conclude that the map 

P : C — Bimod(M) : ^ ^ ^(i * V) 

is a functor. 

Proposition 3.3. Fq is a fully faithful tensor (T -functor. 

Proof. It is clear that Fq is faithful. We first prove that Fq is full. Take T e Hom^f-Af (Hi^tpi), H(i* 
ip 2 ))- Then T : pL 2 (M) 0C gL 2 (M) GC is right M-modular, hence T e pM°°g. Since Txp = xqT for 
all x e P, we have T e pB x q. So T is in the image of Fq. The functor * on both Bimod(Q a Qi) and 
Bimod(M) is given by T h» T*, so P is a C*-functor. Since %(V>i) ®A/ ^(^2) = ^((id® ^2) V>i), 
it follows immediately that Fq is a tensor C*-functor. □ 
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Now let G : Bimod((5 c Qi) —* C be an inverse functor for the inclusion I : C — > Bimod(Q c Qi). 
We define the fully faithful tensor C*-functor F = Fq o G : Bimod((5 c Qi) — »■ Bimod(M). 



3.2 Proof of Theorem I3.lt essential surjectivity of F 

We give a series of preliminary lemmas before proving that the functor F constructed in the previous 
section is essentially surjective. 

Lemma 3.4. Let mT~(-m be a finite index M-M-bimodule and p^p^P^B c PtgxB^PigxB be a finite index 
P®B -P®B -subbimodule. Then JC contains a non-zero N -N -subbimodule C such that dim_jy(£) < 
+00. 

Proof. Let ifj : M — > pM n p and ip : P0B — > q{P®B) k q be finite index inclusions such that mHm = 
mH.(4>)m an d p®b£-p®b = p®b'^(¥')p®p- Tak e a non-zero partial isometry v E p(M n>fc (C) ® M)q 
such that i{j(x)vo = VQtp(x), for all x £ P®B. We have Ugi>o e </?(-P ® -B)' n qM k q, so the support 
projection suppEp^g^Q-uo) lies in ip(P<S>B)' n q(P(g)B) k q. Moreover woEp^ B (wg uo) = wo- So we 
can assume that g = suppEpg^^gVo). 

We claim that ip(No) <p®b P - Recall that -B is hyperfinite, by assumption. Let JJ n -^n ^ e the 
dense union of an increasing sequence of finite dimensional von Neumann subalgebras A n of B. Since 
P® 1 cz P(g)A n is a finite index inclusion for every n, it suffices to show that ip(No) <pgjp P® A n 
for some n. Denote by E n the trace-preserving conditional expectation of B onto A n . Then the 
sequence of unital completely positive maps id (x) E n on {P®B) k , still denoted by E n , converges 
pointwise in || • ||2 to the identity. Since Ag has property (T) (see (V3)), Theorem 12.51 shows that 
(E n ) converges uniformly in || • H2 on ((/j(Ag))x. Take n e N such that ||E n (x) — a; || 2 < 1/2 for all 
x e ip(Nq). Assume that </?(Ag) -f^pgxB P ® A n . By Theorem 12. 2 | there is a sequence of unitaries 
Ufc E U((p(Nq)) such that for all x, y e q(P<S)B) k q, we have ||E n (xufcy) H2 — ► for k — > 00. In 
particular, 

1 = Ma < 1/2 + ||E n (u fc )ll2 - 1/2, 
which is a contradiction. We have proved our claim. 

This yields a *-homomorphism it : Nq — > rP l r and a non-zero partial isometry v\ e q{M-k /(C) (x) 
P®B)r such that c^(x)t;i = fi7r(x), for all x e Ag. Similarly to the first paragraph, we can assume 
that r = supp£p(t> *t> 1). Note that ^p^b ( v o v o) = q. So v = vqVi e p(M n j ® M)r is a non-zero 
partial isometry. Moreover, we have vir(x) = ^(x)v, for all x 6 Ag. 

We claim that 7r(A) <p A. We first prove that it suffices to show that ir(N) <pgjp N(x)B. Indeed, 
if this the case, we get a *-homomorphism 9 : iV — > t(N®}B)H and a non-zero partial isometry 
u E r(Mij(C) ®P®B)t such that tt{x)u = u9{x), for all x E N. Denote by u, the i-th column of u. 
Then the closed linear span of {ujAtxxB \ i = 1, . . . , j) defines a non-zero 7r(A)-A(x)£>-subbimodule of 
r(C l <S>~L 2 (P<S)B)) with finite right dimension. Using the A-A-modular projection onto r(C^(x)L 2 (P)) 
and the action of B, we find a non-zero 7r(A)-A-bimodule inside r(C l (x) L 2 (P)) which is finitely 
generated as a right A- module. 

Assume now that ir(N) -fCp^p N(g>B. Then, Theorem 12 . 71 implies that the quasi-normalizer of 7r(A) 
in rM l r sits inside r(P®B) l r . As a consequence, u*v e ir(N)' n rM l r a r{P®B) l r . Since the 
inclusion <z M is quasi-regular, we have that 

(3.1) v*^(M)u c r{P®B) l r . 
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Denote by A the von Neumann algebra generated by ip(M) and vv*. Then ip(M) cic pM n p 
and A cz pM n p has finite index. Using (13.11) . we get that v*Av cz v*v(P®B) l v*v cz v*M n v, from 
which we deduce that P®_B cz M has finite index. We get a contradiction. Indeed, M being an 
amalgamated free product, we can find in L 2 (M) infinitely many pairwise orthogonal P®B-P®B- 
bimodules by means of alternating powers of L 2 (P®B) QL 2 (N®B) and L 2 (Q) L 2 (A(gxB). 

The previous claim yields a *-homomorphism p : N —> sN m s and a non-zero partial isometry 
w e r(M/ )m (C) (x) P)s such that ir{x)w = wp{x) for all x e N . Denote by W{ the i-th column 
of it;. Define C as the closed linear span of {v\WiN \ i = 1, . . . , m}. Then, C is a non-zero, since 
~Eip(w*v*V\w) = w*Ep(v*V\)w and r = suppEp(u*?;i). So /I is a non-zero 99(iV)-./V-subbimodule of 
IC with finite right dimension. □ 

Lemma 3.5. Let IC be a finite index P®B -P®B -subbimodule of a finite index M -M -bimodule T~L 
and let jvCjv c n^-n be an irreducible finite index N -N -subbimodule. Then n£-n *s isomorphic to a 
subbimodule of nL 2 (P)n- 

Proof. Assume, by contradiction, that C is not contained in nL 2 (P)n. Take some non-trivial finite 
index irreducible A-A-bimodule £® in L 2 (Q) and some non-trivial finite index irreducible N-N- 
bimodule L p in L 2 (P) both with right dimension greater than or equal to 1. Denote by Xq the 
|| • ^-closure of C ■ M. Lemma [2.81 implies that Xq is a non-zero A-M-bimodule which is isomorphic 
to a subbimodule of H and lies in C®n L 2 M. Define the A-M-bimodules 

X n = {C P ® N £ Q f n ®N X . 

Note that C e AFalg(A cz P). By assumption, the fusion algebras Falg(A cz Q) and AFalg(A cz P) 
are free inside Falg(A^). Therefore, as in |FV08] . the X n follow pairwise disjoint as A-A-bimodules 
and hence pairwise disjoint as A-M-bimodules. 

Decompose Xq cz % is a direct sum of irreducible A-A-bimodules y^. Write (C^)° = n Q and 
(£ p )° = C P nP. Then, [£ p )° ■ [C Q )° ■ ■ ■ [£ Q )° ■ # is non-zero. If not, we had 

M-yi-M = M • (£ P )° • (£ Q )° ■ ■ ■ {C Q )° ■ N ■ y { ■ M = , 

contradicting the fact that M is a factor. As above, the freeness assumption implies that (C p ®N 
£ Q )® n ®at Vi is irreducible. Then, by LemmaESl we have that (C p ® N £<2)® n ® N y t sits inside U 
as the || • ^-closure of {£ P )° ■ (C®) ■ ■ ■ (C®)° ■ y%. We have proven that H contains a copy of each 
X n . 

Note that dim.^f (X n ) > dim.^ (Xq). As a consequence, %, as a right M-module, has infinite 
dimension, which is a contradiction. □ 

Lemma 3.6. Let H be a finite index M -M -bimodule and IC a finite index P®B -P®B -subbimodule. 
Then, IC is isomorphic to a multiple of the trivial P-P bimodule. 

Proof. By Lemma I3.4[ we have a non-zero A-A-subbimodule C cz /C with finite right dimension. 
Then, for x,y E QN pjgg(N), the closure of Nx ■ C ■ yN is still an A-A-subbimodule of IC with 
finite right dimension. Since N cz P®B is quasi-regular, the linear span of all A-A-subbimodules 
of /C with finite right dimension is dense in IC. Then, a maximality argument shows that IC can 
be decomposed as the direct sum A-A-subbimodules with finite right dimension. By symmetry, IC 
decomposes as the direct sum of A-A-bimodules with finite left dimension. As a consequence, IC 
may be written as the direct sum of finite index A-A-subbimodules. 
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Let C be an irreducible finite index iV-iV-subbimodule of fC. Lemma 13.51 shows that C is contained 
in L 2 (P). Remember that 

P = L^(Q 3 © Q 3 x SL(3, Q)) , N = L n (Z 3 @Z 3 ). 

Hence, £ arises as the || • ^-closure of Nu g N for some element g e Q 3 ffiQ 3 x SL(3,Q). By almost- 
normality (see property (Pi) and the remarks following it), take a finite index subgroup Ao of 
I? ©Z 3 such that Ad(flr)(Ao) <= 1? ©Z 3 . Denote by C Q the closure of Nu g L n (A ). Then, £ is an 
irreducible A r -LQ(Ao)-subbimodule of C. Note that 

C © L n (A )u*N s L 2 (iV) . 
Lo(A ) 

Lemma 12.81 implies that K. contains a copy of the trivial ./V-A^-bimodule L 2 (A^), realized as the 
|| • ^-closure of Cqu*N. 

Write K, = 7i(ip) for some finite index inclusion ip : P®P — » ej , (P®P) 0D g, where (Tr®r)(g) < ao. 
By the above paragraph, we can take a trivial A^-A r -bimodule inside JC. Then, there is an N- 
central vector v e qL 2 (P®P) C0 . Taking polar decomposition, we may assume that v is a partial 
isometry in g(M 00> i(C)®P®P) satisfying tp{x)v = vx, for all x £ N. Note that vv* e i/j(N)' n 
q{P®B) co q. Hence, {q — vv*) ■ K defines a Af-P®P-subbimodule of K, and we may apply the 
previous procedure. As in the proof of Proposition 13.21 a maximality argument yields a family 
of partial isometries Uj e q(M 0C) i(C)®P®P) satisfying ip(x)vi = V{X. for all x £ A~ and such that 
2 i»ii>* = Putting these partial isometries in a row, we obtain an element w e c/(P®P) c0 satisfying 
ww* = Yj v i v t = 9- By irreducibility of A" cz P (see (Pi)), we have a projection p = w*w £ (N' n 
P®P) G0 = P 00 . Conjugating -0 with u>* from the beginning, we obtain a finite index inclusion 
V> : P®P — * p(P®P)°°p, where p e P 00 such that (Tr ®r)(p) < oo and ip(x) = xp for all x £ N and 
still satisfying K, = H(ip). 

Let geT = Q 3 ©Q 3 x SL(3, Q) and A < Z 3 ©Z 3 be finite index subgroup such that Ad(# _1 )(A ) cz 
A. Denote by a g -i the *-homomorphism Lq(Ao) — * Ln(A) induced by Ad(g _1 ). For x e Lq(Ao) we 
have 

ijj(u g )u*x = ip(u g )a g -i(x)u* = ip(ug)ip(a g -i(x))u* = xip(u g )u* . 

By (P5), we have that L^(Ao) cz P is irreducible. As a consequence, v g = ip{u g )u* e U{pB' x 'p). 
Note that ift(B) cz if;(N)' n p(P®P) GO p = pB rx> p and v g £ ip{B)' n pP°°p. 

We prove that the inclusion ip{B) cz pP°°p has finite index using Theorem 12.111 Consider the 
conjugate bimodule K, of p®bK-p®b- As proven above, we may write /C = "H(ip), where ip : P®P — > 
(7(P®P)°°g is a finite index inclusion satisfying = ^QS f° r all x e A r and g e P 00 is a projection 
such that (Tr®r)(g) < go. Note that fC<S) P ^ B KL = H((ip(g)id) °ip). Hence there is a conjugate map 
R : L 2 (P®P) -> %((^®id) oip). Considering R as an element of (p® g)(M 00i i(C) ®P®P) we have 

Re{p®q) (Moo,! (C) ® P®P) n N' = (p ® (?) (M^i (C)®P) . 

Define : P — * pB^p and V's : P - * qB^q as the restrictions of ^ and ip to B and S : L 2 (P) — > 
%{(ip B ® id) o tp B ) as the restriction of P. Similarly, we find an intertwiner <§ : L 2 (P) — > 7i((tpB ® 
id) o V's)) giving a pair of conjugate morphisms for H(iPb)- Then the same argument as in [LR97, 
Lemma 3.2] implies that ip{B)' n pP°°p is of finite type I. 

It follows that g »— > v g e tp(B)' npB rxl p is a direct integral of finite dimensional unitary representations 
of r and hence trivial, since T has no non-trivial finite dimensional unitary representations (see (Pi))- 
We conclude that ip(u g ) = u g p and that pKLp is a multiple of the trivial P-P-bimodule. □ 
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Lemma 3.7. Let ip : P(x)P —* p{P®B) n p be a finite index inclusion such that 

MP ® i) {p{C n <g> L 2 (P®B)))p ® 1 

is a multiple of the trivial P-P-bimodule. Then there exists a non-zero partial isometry 
u e M n>C o(C)(x)-P(x)-B such that uu* = p, q = u*u e P 00 and u*tp(x)u = qx for all x £ P, where we 
consider P cz P 00 diagonally. 

Proof. Consider the P-P-bimodule % given by 

pU P = mp ® i) (p(C n <8> L 2 (P®P)) ) P 1 . 

Since % is a multiple of the trivial P-P-bimodule, there exists a non-zero vector v £ p(C n (x) 
L 2 (P®P)) such that ip(x)v = vx for all x e P. Taking its polar decomposition, we may assume 
that v is a non-zero partial isometry in p(C n (x) P(x)P). As in the proof of Proposition 13,21 a 
maximality argument provides a family of non-zero partial isometries inside p(C n (x) P(x)P), 
satisfying ip{x)vi = V{X for all x £ P and such that p = Yl v i v i- Putting all vt in one row, we get 
u £ M nj00 (C)®P®P. Then ip(x)u = ux, for all x e P. We also have that uu* = Yj v i v t = V an d 
u*u £ (1 ®P(x) 1)' n (P(x)P)°° = P°°. Thus, it is the required partial isometry. □ 

Proof of Theorem \3.1\ Let mHm be a finite index irreducible M-M-bimodule. We prove that Ti is 
isomorphic to a bimodule in the range of the functor F : Bimod(Q c Qi) —* Bimod(M), constructed 
in Section 13.11 We do this in two steps. 

Step 1. There exists a projection p e (P(x)P)°° with (Tr®r)(p) < +oo and *-homomorphism 
ip : M — * pM^p such that 

• tp(M) cz pM^p has finite index, 

• ip(P(S)B) cz p{P®)B) co p and this inclusion has essentially finite index and 

• mHm = mH{^)m- 

Proof of Step 1. Let ip : M — > pM n p be a finite index inclusion such that m^-m = a/^(^)m- By 
symmetry, Theorem 12.41 and the remarks preceding it, we are left with proving the two following 
statements. 

(i) ip{P®B)q <m P®P, for every projection q e ip(P®B)' n pM n p. 

(ii) Whenever K. cz L 2 (M) is a (P®P)-(P®P)-subbimodule with dim_ P ^ B (/C) < +oo, we have 
/CczL 2 (P®P). 

By assumption, there is no non-trivial *-homomorphism from Nq to any amplification of Q. It 
follows that iP(Nq) -^m Q- Hence, Theorem 12.61 implies that i^(Nq) <m P®B. So there is a *- 
homomorphism ip : Nq — » q{P®B) m q and a non-zero partial isometry v e p(M njm (C) (x) M)q such 
that ip(x)v = vip(x) for all x £ N . We have v*v e <p(N )' n qM m q. So u*u e q{P®B) m q by 
Theorem 12.71 Then, 

v*v(qN qMmq (<p(N ))")v*V cz q(Pm) m q, 
by Theorem 12.71 again. Since Nq cz P is quasi-regular (see (P2)), we also have that 

v*^{P®B)v cz v*v(QN qMmq &(N ))")v*v cz q(P®B) m q. 
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Note that all the previous arguments remain true when cutting down i/j with a projection in 
ip(P®B)' n pM n p, so we have proven (i). Theorem 12,71 implies (ii) and Step 1 is proven. 

Step 2. We may assume that p e P 00 and that the *-homomorphism ip satisfies 

• ip(x) = px, for all x e P, 

• ip{B) c P 00 , 

• tp(Q) c pQ°V 

Proof of Step 2. By Step 1, the inclusion ip(P®B) cz p(P(g)P)°°p has essentially finite index. Let 
q be a projection in ip(P®B)' n p{P®B) cc p such that /C = ^(pigp) (?L 2 (P(x)i?) 00 )p^ is a finite 
index P(gP-P®P-subbimodule of p®bHp®b- Lemma 13.61 implies that pgji/Cp®! is isomorphic 
to a multiple of the trivial P-P-bimodule. Lemma 13.71 yields a non-zero partial isometry u e 
g(Mor; )m (C) ®P(x)P) satisfying u*ip(x)u = u*ux for all x e P and such that mm* = g and m*m 6 P m . 
Since t/>(P®P) cz p{P<^)B) co p has essentially finite index, this procedure provides a non-zero partial 
isometry m e (P(x)P)°° satisfying u*i[){x)u = u*ux for all x e P with mm* = p and m*m e P 00 . 
Conjugating ^ with u* from the beginning, we may assume that p e P 00 and ip{x) = px for all 
x £ P. 

We have P' n M = B and ■(/'(x) = for all x e P, with p e P 00 , therefore ^(P) c P 00 . 

Since p e (iV 7 n Q) 00 and '(/'(x) = px for all x e P, the *-homomorphism ^ extends to an N-N- 
bimodular map v : L 2 (M) -» L 2 (pM°°p). By freeness of Falg(iV cz Q) and Falg(iV c P) inside 
Falg(iV), we have that u(L 2 (Q)) is an 7V-iV-subbimodule of L 2 (pQ GO p). Hence t/)(Q) cz pQ x p, which 
ends the proof of Step 2. □ 



3.3 Proof of Theorem [D] 

We use the following version of [NPS04, Theorem 0.2] for the proof of Theorem [Dl 

Theorem 3.8 (See |NPS04[ Theorem 0.2]). Let T be a property (T) group and M a separable II\ 
factor. Let J cz H 2 (T,S 1 ) be the set of scalar 2-cocycles Q such that there exists a (not necessarily 
unital) non-trivial *-homomorphism from Lq(T) to an amplification of M . Then J is countable. 

Proof of Theorem [D] Fix an inclusion of Hi factors N cz Q and assume that N is hyperfinite. 
Suppose also that N cz Q is quasi-regular and has depth 2. Denote by N cz Q cz Qi the basic 
construction. 

Let aeR-Q and consider the groups A, T and the scalar 2-cocycle Q a e Z 2 (r, S 1 ) defined in at the 
beginning of Section [3] Since the group Z 3 ©Z 3 x SL(3, Z) has property (T), Theorem 13.81 implies 
that there are uncountably many aei-Q such that there is no non-trivial *-homomorphism from 
AT = h Ua {I? © 1? xi SL(3, Z)) to any amplification of Q. Take one such oeR-Q. Note that by 
(Pi), (P3) and Lemma 12.17] the fusion algebra T = AFalg (L^ (A) cz Ln Q (r)) is countable. 

Observe that L^ a (A) and N are two copies of the hyperfinite Hi factor and take an isomorphism 
6 : N — > hfi a (A). Then, the fusion algebra P d may be viewed as a fusion subalgebra of Falg(A^). 
Since Falg(A r cz Q) is a countable fusion subalgebra of Falg(A^), Theorem 12.191 allows us to choose 
9 such that is free with respect to Falg(A^ cz Q). We identify N and Ln a (A) through this 
isomorphism and all assumptions of Theorem 13. II are satisfied. Write P a = LQ a (T) and write 

M a = (P a ®P) * Q , where P = N' n Q . 

N®B 
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Using Theorem 13. 1| we obtain that Bimod(M a ) ~ Bimod(Q cz Q\). 

We prove that stable isomorphism classes of M a , a e R — Q, are countable. Assume by contradiction 
that there exists an uncountable subset J cz R — Q such that M a . are pairwise stably isomorphic, 
for j e J. We find k e J and an uncountable subset I cz J such that M ai embeds (not necessarily 
unit ally) into M ak , for all i e I. In particular, Ln a . (Z 3 Z 3 x SL(3,Z)) embeds into M ak , for all 
tel. bmce Z 3 © Z 3 x SL(3, Z) is a property (T) group and cohomology classes of the cocycles 

(^a) Izsez 3 msl(3,z) > a e R - Q 
are two by two non-equal, this contradicts Theorem 13.81 □ 



4 Applications 

4.1 Examples of categories that arrise as Bimod(M) 

In this part, we give examples of categories that arise as Bimod(M) of some Hi factor M. Note 
that the results in VacO(il) and in [FV08J show that the trivial tensor C*-category and the category 
of finite dimensional representation of every compact, second countable group can be realized as a 
category of bimodules. 



4.1.1 Finite tensor C*-categories 



The following reconstruction theorem for finite tensor C*-categories is well known, but for conve- 
nience, we give a short proof. We use Jones' planar algebras |Jon99| and Popa's reconstruction 
theorem for finite depth standard invariants j.P op90| . See also [BMPS09] for a similar statement. 

Theorem 4.1. Let C be a finite tensor C* -category. Then there exists a finite index depth 2 inclusion 
Q cz Qi of hyperfinite II\ factors such that Bimod(Q cz Qij ~ C. 

Proof. We define a depth 2 subfactor planar algebra P, such that the inclusion of hyperfinite Hi 
factors Q cz Qi associated with it by |Pop90 IJon99| satisfies Bimod((5 cz Qi) ~ C. Let x £ C be 



the direct sum of representatives for every isomorphism class of irreducible objects in C. Denote by 
x the conjugate object of x. Let 

Pk ■ = End(x ® x ® • ■ • ® x) . 

^ v ' 

k factors 

We prove that P = [J P^ is a subfactor planar algebra. Composition of endomorphisms and the it- 
functor of C make P a *-algebra. The categorical trace of C defines a positive trace on P. Moreover, 
the graphical calculus for tensor C* -categories induces an action of the planar operad on P. We 
have dimPo = 1) since lc is irreducible. Moreover, for all k we have dimPfc < oo, since C is finite. 
Finally, the closed loops represent the number dime i/O. So P is a subfactor planar algebra. It 
has depth 2, since dim^(P^) is the number of isomorphism classes of irreducible objects of C for 
every k ^ 1 and, in particular, dim Z (Pi) = dim Z(Ps). 

Note that, in the language of |Pop90|, finite depth subfactor planar algebras correspond to canonical 
commuting squares |Bis97| JonOSj. So, by |Pop90| , there is an inclusion Q cz Qi of hyperfinite 
III factors with associated planar algebra pQ^Q 1 ^ P. Then x corresponds to qL 2 (Qi)q 1 . Let 
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T> = Bimod((5 cz Qi) and denote by Q cz Qi cz Q 2 the basic construction. If p, q are minimal 
projections in Q' n Q2, we canonically identify HomQ_g(pL 2 (Qi), qL 2 (Qi)) with q(Q' n Q2)p- This 
defines a C*-functor F : T> —* C sending pL 2 (Qi) ^ p(qL 2 (<3i) ®Qi L 2 (Qi)q) to p{x (x) x) and 
mapping morphisms as given by the identification pQ^Qi ^ P. Then F is fully faithful and 
essentially surjective. We have to prove that F preserves tensor products. Let p,q be projections in 
Q' n The shift-by- two operator sli2 : P2 —> P4 is defined by adding two strings on the left. By 
|Bis97], we have pL 2 (Qi) (x)q qh 2 (Qi) = p • sh2(q)L 2 (Q2) as Q-Q-bimodules. On the other hand, we 
have p(x®x) ®q{x®x) = (p®q)(x(g)x<2)x<g)x) in C. Since under the identification P^ = Q' n Qk 
the shift-by-two operator corresponds to q >-* 1 (x) g, we have C ^ P as tensor C ""-categories. This 
completes the proof. □ 

Proof of Theorem\M Let C be a finite tensor C*-category. By Theorem [D] it suffices to show that 
there is a finite index, depth 2 inclusion iV cz Q of hyperfinite Hi factors, such that for the basic 
construction TV Q cz Qi we have Bimod(Q Qi) ~ C. Indeed, if cz Q is of finite index, then it 
is quasi-regular. By Theorem 14. 1| there is a finite index depth 2 inclusion iV_i cz N of hyperfinite 
III factors such that Bimod(iV_i cz N) ~ C. Let JV_i cz N cz Q cz Qi be the basic construction. 
Then TV cz Q is a finite index, depth 2 inclusion and Bimod(Q c: Qi) ~ Bimod(A r _i cz N) ~ C. □ 



4.1.2 Representation categories 

In [FV08J the categories of finite dimensional representations of compact second countable groups 
were realized as bimodule categories of a Hi factor. As already mentioned, this forms a natural 
class of tensor C*-categories, since they can be abstractly characterized as symmetric tensor C*- 
categories with at most countably many isomorphism classes of irreducible objects. We realize 
categories of finite dimensional representations of discrete countable groups and of finite dimensional 
corepresentations of certain discrete Kac algebras as bimodule categories of a Hi factor. Neither 
does this class of categories have an abstract characterization, nor does the finite dimensional 
corepresentation theory of a discrete Kac algebra describe it completely. However, Corollary 14.41 
shows that we have interesting applications coming from this class of tensor C* -categories. 

For notation concerning quantum groups, we refer the reader to the appendix in Section [5j 

Definition 4.2 (See Section 4.5 and Theorem 4.5 of |Sol05]). A discrete Kac algebra A is called 
maximally almost periodic, if there is a family of finite dimensional corepresentations U n e A (x) 
B(H Un ) such that A = span{(id(x)u;)(L/ n ) | n e N,w £ B(H Un )*} 

Theorem 4.3. Let A be a discrete Kac algebra admitting a strictly outer action on the hyperfinite 
Ih factor. Then there is a U x factor M such that Bimod(M) - CoRep fin (,4 coop ). 

Proof. Since A acts strictly outerly on the hyperfinite Hi factor R, the inclusion R cz A ix R cz 
^/jcoop x A ix is a basic construction by [VaeOO, Proposition 2.5 and Corollary 5.6]. The inclusion 
R cz A x R has depth 2 by [Vae OO , Corollary 5.10] and since A is discrete, it is quasi-regular. 
Moreover, we have Bimod(A kRczAkAkR) ~ CoRep fin (74 coop ) by Theorem 15.11 So Theorem 
[D]yields a IL factor M such that Bimod(M) =s CoRep fin (^4 co °P). □ 

Proof of Theorems [0 By Theorem 14.31 it suffices to show that every discrete group G and every 
amenable and every maximally almost periodic Kac algebra A has a strictly outer action on the 
hyperfinite Hi factor R. 
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Let us first consider the case of a discrete group. The non-commutative Bernoulli shift G ^* 
(M2(C),tr)® G is well known to be outer. It is clear that (x)^ =1 (M2(C), tr) is isomorphic to R. 

First note that (,4 c °°p) c °°p = A for all quantum groups A. By Vaes |Vae02| Theorem 8.2], it suffices 
to show that every amenable and every maximally almost periodic Kac algebra A there is a faithful 
corepresentation of ^4 coo P in the hyperfinite Hi factor. 

If A is a discrete amenable Kac algebra, then so is A coop . By |Vae02i Proposition 8.1], ^4 coo P has 
a faithful corepresentation into R. If A is a discrete maximally almost periodic Kac algebra, then 
A coop is also maximally almost periodic, since A has a bounded antipode. There is a countable 
family of corepresentations U n of ^4 co °p whose coefficients span A densely. Considering ® n B(i?j/ n ) 
as a von Neumann subalgebra of R, the corepresentation Ek^n of A coop is faithful. □ 

As a corollary of Theorem [Cl we get the following improvement of [IPP05, Corollary 8.8] and 
[FV07J. This is the first example of an explicitly known bimodule category with uncountably many 
isomorphism classes of irreducible objects. 

Corollary 4.4. Let G be a second countable, compact group. Then there is a II\ factor M such that 
Out(M) = G and every finite index bimodule of M is of the form 7i(a) for some a e Aut(M). In 
particular, the bimodule category of M can be explicitly calculated and has an uncountable number 
of isomorphism classes of irreducible objects. 

The exact sequence 1 — > J-{M) —* grp(M) — > Out(M) — > 1 shows that the fundamental group of M 
obtained in Corollary 14.41 is trivial. Note, that the factors constructed in |FV07, IPP05J also have 
trivial fundamental group. 

Proof. Let G be a second countable, compact group. By |Sol06[ Theorem 4.2], L(G) is maximally 
almost periodic and its irreducible, finite dimensional corepresentations are one dimensional and 
indexed by elements of G. Their tensor product is given by multiplication in G. So we can apply 
Theorem [Cl to the discrete Kac algebra L(G) in order to obtain M. □ 



4.2 Possible indices of irreducible subfactors 



In this section, we investigate the structure of subfactors of the Hi factor M that we obtained in 
Theorem |Aj We write 

C{M) = {A | there is an irreducible finite index subfactor of M with index A} . 

We use the fact that the lattice of irreducible subfactors of a Hi factor is actually encoded in 
its bimodule category. In special cases, indices of irreducible subfactors correspond to Frobenius- 
Perron dimensions (see |ENO02| Section 8]) of objects in the bimodule category. Using recent work 
on tensor categories [GSTT] and Theorem [A3 we give examples of of Hi factors M such that C{M) 
can be computed explicitly and contains irrationals. 

Definition 4.5 (See [FS01, Yam04]). Let C be a compact tensor C*-category with tensor unit \q. 

A 



(i) An algebra [A, m, rj) in C is an object A in C with multiplication and unit maps m : A® A 
and rj : lc — * A such that the following diagrams commute 

A®l c A l C ®A 

id(x)m m id(x)r; r]<S)id 

A®A — *A A®A^+A^^A®A. 



A ® A ® A A (g) A 
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(ii) A coalgebra (A, A, e) in C is an object A in C with co-multiplication and counit map A : A — > 
A (x) A and e : A —> lc such that (A, A*, e*) is an algebra. 

(hi) A Frobenius algebra (A, m, 7], A, e) in C is an object A in C with maps m, rj, A, e such that 
(A,m,rj) is an algebra, A = m* , e = rj* and 

(id (g> m) o (A ® id) = A o m = (m ® id) o (id (x) A) . 

(iv) A Frobenius algebra (A,m,r], A,e) is special if A and r] are isometric. 

(v) A Frobenius algebra A is irreducible if dim (Horn (lc, ^4)) = 1. 

Remark 4.6. Note that the notion of a special Frobenius algebra is equivalent to the notion of a 
Q-system |LR97j . 

The following lemma and proposition are probably well known, but since we could not find a 
reference, we give a short proof for convenience of the reader. 

Lemma 4.7. Let M cz M\ be a finite index inclusion of tracial von Neumann algebras. Then 
L 2 (Mi) is a special Frobenius algebra in Bimod(M). The Frobenius algebra L 2 (Mi) is irreducible if 
and only if M a M\ is irreducible. 

Proof. We prove that L 2 (Mi) is an algebra in Bimod(M) with coisometric multiplication and iso- 
metric unit. By [LR97]. this shows that L 2 (Mi) is a special Frobenius algebra. The multiplication 
on L 2 (Mi) is given by m(x0M y) = xy, for x,y e M. The commutative diagram 

L 2 (M!)® A/ L 2 (Mi) -JH-^ L 2 (Mi) 



L 2 (M 2 ) 

proves that m is well defined and coisometric. Here we denote by M a M\ a Mi the basic 
construction and we denote by e the Jones projection. The unit map of L 2 (Mi) is given by the 
canonical embedding L 2 (M) — > L 2 (Mi). 

The inclusion M a Mi is irreducible if and only if a-/L 2 (M:l)mi is irreducible if and only if 
M L 2 (Mi) M ^ M L 2 (Mi) ® A fi L 2 (Mi) M contains a unique copy of M L 2 (M) M . □ 

Whenever T~L is a finite index M-M-bimodule over a Hi factor M, we denote by H the set of 
bounded vectors in H. Recall that H is dense in H. 

Proposition 4.8. Let M be a II\ factor. Then there is a bisection between irreducible special 
Frobenius algebras in Bimod(M) and irreducible finite index inclusions M a Mi of II\ factors. The 
bijection is given by 

H^>(M c n°) and (M cz Mi) >- A/ L 2 (Mi) M . 

Proof. Lemma 14.71 shows that L 2 (Mi) is an irreducible special Frobenius algebra for all irreducible 
finite index inclusions M cz M\. Let (1-L,m,e, A,r/) be an irreducible special Frobenius algebra in 
Bimod(M). We have to prove that M cz %° is a finite index, irreducible inclusion of von Neumann 
algebras. Let M<i = Horn. a/ (H) be the commutant of the right M-action. Then 
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H ® T-L ■ 



■ H ®m % 




yields a map 4> '■ W° — * M2. By considering the restriction m : T~L° ® L 2 (M) — ► T-L, it is clear that (f> 
is injective. Consider the special Frobenius algebra (L 2 (M2), ni2, rj2, A2, £2)- We prove that ^){H ) 
is a Frobenius subalgebra of L 2 (M2). Indeed, the composition % ® %° — » % ®m H —> "H induces a 
multiplication on H , since M-M-bimodular maps send M-bounded vectors to M-bounded vectors. 
Since m is associative, we have for £, £' e T-L° 

O) • Q = m o (m® id)(£, 1 M ) = m o (id ® m)(£, l M ) = <t>{€) ■ SF) = MOlfe') ■ 

So m is the restriction of 777.2. By taking adjoints, we see that A is the restriction of A2. Next, note 
that m o (77 ® id) = id = m 2 o (r? 2 ® id). So <p(rj(x)) ■ £ = x£ for all x e M c L 2 (M) and all £ e %. 
So 77 agrees with 772. Again, by taking adjoints, e is the restriction of £2- 

Let R : L 2 (M) — * 7-L ®m denote the standard conjugate for H [LR97]. Frobenius algebras are 
self-dual via A o 77, that is A o 77 : L 2 (M) — * H ®m H is a conjugate for H. In particular, there is an 
M-M-bimodular isomorphism ifi : % — > % such that 

r2/ 



n® M n- 

i/;®id 

n® M n- 



■L 2 (M) 



ft 



commutes. Denoting by i?2 : L (M) — > L 2 (M2) ®a/ L (M2) the standard conjugate for L (M2) we 
have the commuting diagram 



L 2 (M 2 ) ® M L 2 (M 2 ) 

( — o*)(g)id 



L*(M 2 ) ® M L 2 (M 2 ) L 2 (M 2 ) . 
Note that, by the definition of standard conjugates, R is the composition of R2 with the orthogonal 



L 2 (M) 



C2 



projection L 2 (M 2 ) ®m L 2 (M 2 ) - 
commutative diagram 

id®A 2 



L 2 (M 2 ) (x) Af L 2 (M 2 ) 

( — o*)(g)id 

L 2 (M 2 )® A fL 2 (M 2 ) 



ft ®Af ft' So ^ is the restriction of 

fl*(g>id 



Now consider the 



L 2 (M 2 ) ®a/ L 2 (M 2 ) ® M L 2 (M 2 



L 2 (M) ® M L 2 (M 2 ) 

e 2 ®id 



^ L 2 (M 2 ) ® M L 2 (M 2 ) ® Af L 2 (M 2 ) ^L 2 (M 2 ) ®a/ L 2 (M 2 ) 



It restricts to the corresponding diagram with L 2 (M 2 ) replaced by ft. Define m = (R* ® id) o (id® 
A) : ft° ® ft — and = ® id) o (id ® A 2 ). Since 

m 2 = (e 2 ® id) o (m 2 ® id) o (id ® A 2 ) 

in the Frobenius algebra L 2 (M2), we have that 

M2®L 2 (M 2 )^L 2 (M 2 ) 



ft°®ft- 



ft 



M 2 ®L 2 (M 



( o*)(g)id 



and 



L 2 (M 2 



i/)(g)id 



ft°®ft- 



ft 
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commute and the second diagram is a restriction of the first one. Denote by </> : % — > M2 the 
embedding defined by m. Then (p(x) = <f>(x)* for x e %° and = 4>{H )■ This proves that 

</>(%°) is closed under taking adjoints. 

We already proved that (ftCH ) is a *-subalgebra of M2. Since m7~L has finite dimension, <p(T-L°)is 
finitely generated over M. Hence, it is weakly closed in M2, so it is a von Neumann subalgebra. 
Finally, mL 2 (^°)m = mH-Mi so M c 7-L° is irreducible and has finite index. □ 

Remark 4.9. (i) By uniqueness of multiplicative dimension functions on finite tensor C*- 
categories, see |CE04| . we have [Mi : M] min = FPdim( M L 2 (Mi) M ), where [Mi : M] min 
denotes the minimal index [Hav90] ILon92| and FPdim denotes the Frobenius Perron dimen- 
sion [ENO02, Section 8]. So if M cz Mi is extremal (for example irreducible), then we have 
[Mi : M] = FPdim( M L 2 (Mi ) M ) ■ 

(ii) By Proposition 14.81 irreducible special Frobenius algebras correspond to irreducible inclusions 
M cz Mi, hence to irreducible subfactors N cz M. In particular, if Bimod(M) is finite, then 
C(M) = {FPdim(%) | % irreducible special Frobenius algebra in Bimod(M)}. 

We can prove Theorem [B] now. 

Proof of Theorem Denote by C the Haagerup fusion category [ AH98] . In |GS11| , possible prin- 
ciple graphs of irreducible special Frobenius algebras in C are classified. Lemma 3.9 in [GSllj gives 
a list of possible principle graphs of non-trivial simple algebras in C. Note that the list of indices 
in Theorem IBI is the same as the indices of graphs in [GSlTJ Lemma 3.9]. We will refer with 1), 2), 
etc. to the graphs in this lemma. We prove that all the indices of these graphs, are actually realized 
by some irreducible special Frobenius algebra in C. 

Since, by |GS1H Theorem 3.25], there are three pairwise different categories that are Morita equiv- 
alent to C, all the possible principal graphs of minimal simple algebras are are actually realized by 
some irreducible special Frobenius algebra in C. So the graphs 1) and 3) are realized. Using the 
notation of [GSllj for irreducible objects in C, the graphs 4), 6) and 7) are realized by the irreducible 
special Frobenius algebras rjfj, vv and fip. We are left with the graphs 2) and 5). Theorem 3.25 
in |GS11] gives the fusion rules for module categories over C. A short calculation shows that the 
square of the dimension of the second object in the module category associated with the Haagerup 
subfactor is the index of the graph 2). This proves that the graph 2) is realized. A similar calcula- 
tion shows that the second object in the second non-trivial module category over C gives rise to an 
irreducible special Frobenius algebra with principal graph given by 5). 

So all indices in [ GSlll Lemma 3.9] are actually attained by some irreducible special Frobenius 
algebra in C. According to Theorem lAl it is possible to find a Hi factor M such that Bimod(M) ^ C. 
We conclude using Remark 14.91 □ 

5 Appendix 

In this appendix, we prove that the category of finite dimensional unitary corepresentations of a 
discrete Kac algebra A, whose coopposite A coolp acts strictly outerly on the hyperfinite Hi factor R, 
is realized as the the bimodule category of the inclusion AkRczAkAkR. For convenience of 
the reader, we give a short introduction. 
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5.1 Preliminaries on quantum groups 



5.1.1 Locally compact quantum groups (see [KVOOJ) 

A locally compact quantum group in the setting of von Neumann algebras is a von Neumann algebra 
A equipped with a normal *-homomorphism A : A — > A®A and two normal, semi-finite, faithful 
weights (j>, ip satisfying 

• A is comultiplicative: (id (x) A) o A = (A (x) id) o A. 

• <p is left invariant: (p((oj (x) id)(A(x))) = <P(x)oj(1m) f° r a h oj £ M£ and all x £ M + . 

• ip is right invariant: -^((id (x)o>)(A(x))) = iP{x)oj{1m) for all oj £ and all x £ M + . 

We call A the comultiplication of A and <p, ip the left and the right Haar weight of A, respectively. 
If cj) and ip are tracial, then A is called a Kac algebra. If A is of finite type I, then we say that A is 
discrete. If (p and ip are finite, we say that A is compact. 

If r is a discrete group, then ^°°(r) is a discrete Kac algebra with comultiplication given by 
A(/)(<7, h) = f(gh) and the left and right Haar weight both induced by the counting measure 

on r. 

For any locally compact quantum group (^4, A) one can construct a dual locally compact quantum 
group (^4, A) and a coopposite locally compact quantum group A coop . They both are represented 
on the same Hilbert space as A. Hence, it makes sense to write formulas involving elements of A 

and A at the same time. We have (^4, A) = (A, A) and A is compact if and only if A is discrete. 

5.1.2 Corepresentations (see [Tim08j) 

A unitary corepresentation in H of a locally compact quantum group A is a unitary U £ Ax)B(i/) 
such that (A(x)id)(t/) = U23U13. In what follows, we refer to unitary corepresentations simply as 
corepresentations. If U £ B(ff[/)(x)j4 is a corepresentation of A, then we also refer to U21 inA&B(Hu) 
as a corepresentation A. A corepresentation U of A is called finite dimensional if Hjj is finite 
dimensional. The direct sum of two corepresentations U, V of A is denoted by i7E0V £ Ax)(B(.£fj/)© 
B(-HvO) = A0B(Hjj) © A&B(Hv)- The tensor product of two corepresentations U and V is given 
by U [x] V = U12V13 e A(£)B(Hu)®B(Hy) . An intertwiner between two corepresentations U and 
V is a bounded linear map T : Hjj — > Hy satisfying (id (x) T)U = V(\d®T). The space of all 
intertwiners between U and V is denoted by Hom(C r , V). To every irreducible corepresentation 
U e A0B(Hjj) of A, one associates its conjugate corepresentation (* (x) — )(U) £ A0B(Hu). Here 
Hjj denotes the conjugate Hilbert space of Hjj. With this structure, the corepresentations of a 
locally compact quantum group A become a tensor C*-category CoRep(A). Its maximal compact 
tensor C*-subcategory is the category of finite dimensional corepresentations CoRep fin (A). If A 
is a compact quantum group, every irreducible corepresentation of A is finite dimensional and 
every corepresentation is a direct sum of (possibly infinitely many) irreducible corepresentations. 
Coefficients of tensor products of arbitrary length of its irreducible corepresentations of A span it 
densely . 

Let A denote a compact quantum group. Then we can describe the evaluation of the Haar states 
on coefficients of corepresentations. In particular, (id (x) ip){U) = (id® <P){U) = 5u,t • 1, where <5[/ >e 
is 1 if U is the trivial corepresentation and otherwise. 
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If A is discrete, its dual is compact. We can write A as 

U irr. corep. of A 

For any element x 6 A we can characterize A(x) as the unique element in A® A that satisfies 
A(x)T = Tx for all T e Hom(C/i, L^2 S L^) and all irreducible corepresentations U1JJ2 and U3 of 
A. Moreover, we can write any corepresentation V e A&B(Hy) of A as a direct sum of elements 
Vjj e B(ff[/) (x)B(i?y) where U runs through the irreducible corepresentations of A. If e denotes the 
trivial corepresentation, then V e = 1® 1. Moreover, V^j = ( — ® *)(y). 

5.1.3 Actions of quantum groups (see [Vae02j) 

An action of a locally compact quantum group A on a von Neumann algebra A" is a normal *- 
homomorphism a : A" — > Ax)A~ such that (A ® id) o a = (id ® a) o a. The crossed product von 
Neumann algebra of iV by a is then the von Neumann algebra A« N generated by A® 1 and a (TV). 
We identify N and A with subalgebras of A x N. There is a natural action a of A on 4 k JV, which 
is uniquely defined by 5(a) = A(a) for a e A and a(x) = 1 ® x for x e N. This action is called the 
dual action of a. 

If an action a : iV — > Ax)iV of a locally compact quantum group on a factor satisfies N'nAxN = CT, 
then a is called strictly outer. 

Let A be a discrete quantum group that acts via a on a von Neumann algebra N. We denote A« N 
by M and as before we identify A and AT with subalgebras of M. If A is a Kac algebra, iV is finite 
and a preserves a trace tn on N, then M is also finite. A faithful normal trace on M is given by 

(r®id)([/(l(x)x)) =6u,e-T N (x), 

for all x e A 7 ' and for all irreducible corepresentations U £ vl ® B(Hjj) of A For x e N and 
C7 £ B(.ff;y) (x) ^4 an irreducible corepresentation of A, we write aj/(x) for the projection of a{x) onto 
the direct summand ~B(Hjj) ® N oi A®N . For x e N we have £7(1 ® x)U* = ajj(x). 

5.2 Corepresentation categories of Kac algebras 

Theorem 5.1. Let N be a ll\ factor, A a discrete quantum group and a : A — ► A(x)N a strictly 
outer action. Denote by M = A« N the crossed product of N by a and write A x M for the crossed 
product by the dual action. Then Bimod(Af c A K M) ~ CoRep fin (A coop ) as tensor C* -categories, 
where CoRep fin (^4 coop ) denotes the category of finite dimensional corepresentations of A coop . 

Proof. We first construct a fully faithful tensor C* -functor F : CoRep fin (^4 coop ) —*■ Bimod(M cz A x 
M). Then, we show that it is essentially surjective. 

Step 1. Let V e A®M n (C) be a finite dimensional corepresentation of ^4 co °P ) that is (A(x)id)(V) = 
^13 ^23- We define a *-homomorphism ifi : M — > M n (C) ® M such that 

ip(x) = 1 ® x for all x e N and (id ® ip)(U) = UnV 12 , 

where U e B(ff[/) ® A cz A® A is an irreducible corepresentation of A. 
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Proof of Step 1. We first show that ip defines a *-homomorphism. This is obvious on N . In order 
to prove that ip is multiplicative on A a M, we have to check for all irreducible corepresentations 
U\, U 2 , U 3 of A and for every intertwiner T e Hom(J7i, U2 S U 3 ) the identity 

(id®4>)(U 2 ) lu (id®4>)(U 3 ) 2U (T®id) = (T (x) id) (id ® ip){U\) 

holds. We have 

(T®id)(id®^)(Z7i) = (T®id)U 1A3 V Uul2 

= ^2,14^3,24(A(X)id)(Vt/ 1 )i23(T(X)id) 

= ^2,14C/3,24Vf/ 2 ,13^/ 3 ,23(T(X)id) 

= ^2,14V[/ 2 ,l3C/3,24V r [ 7 3 ,23(r®id) 

= (id ® V)(^2)l34(id <g> V)(^3)234(T ® id) . 

We prove that ip is a homomorphism on alg(A, iV) = *-alg(^4, iV). Using the fact that U{1 ® x) = 
au(x)U for all x e N and all irreducible corepresentations U of A, it suffices to note that 

(id®V-)(C/)(l® l®x) = ?7i 3 Vi2(l® l<g>x) 

= ?7i 3 (l®l®l®a;)^i2 
= au(x) 13 U 13 V 12 
= au (x) 13 (id®ip)(U). 

(id®V)(C7) 

^13^12 
^13%, 12 

r®*)(c/)i3r®*)(V[7)i2 

(-®*®*)(C/l3^1 2 ), 

This shows that ip is a *-homomorphism on *-a\g(A, N). 

Let us show that ip is trace preserving on *-&lg(A,N). Denote by r the trace on M. For an 
irreducible corepresentation U of A and x e N we have 

(id®r)(C/(l®x)) = (5t7, e T(x)lA , 
by the definition of r. On the other hand we have 

(id®tr®r)(id®y>)(*7(l®x)) = (id ® tr ®t)(U 13 V 12 (1 ® 1 ® x)) 

= <5 [/ , e r(x)(id®tr)(y e ,i 2 ) 

= <5{/, e r(a;)lA • 

So ^ is trace preserving and hence it extends to a *-homomorphism ip : M —* M n (C) ® M. 

Step 2. Define a functor F : CoRep fin (^4 coop ) — > Bimod(Q Q±) such that if V is a finite dimen- 
sional corepresentation of ^4 co °p and ip the map associated with it in Step 1, we have F(V) = H(ip). 
If T e Hom(Vi, V 2 ) is an intertwiner, we set F(T) = T® id : H Vl ® L 2 (M) Hy 2 ® L 2 (M). Then 
F is fully faithful tensor C*-functor. 



Let us show that ip is *-preserving. We have 

(id ®</>)((-® *){U)) - 
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Proof of Step 2. It is obvious that F is faithful. In order to show that F is full, let V± e A ® 
M m (C),V2 e A ® M n (C) be finite dimensional corepresentations of A coop . Denote by tpi, -02 the 
maps associated with V\ and V2, respectively. Let T : C m ®L 2 (M) — > C n ®L 2 (M) be an intertwiner 
from rL{F{Vi)) to U{F(V 2 )). Then T e B(C m , C n ) ® M satisfies 

r(l®x) = Tip 1 (x) = ^ 2 (x)T = (l®x)T for allxeiV. 

Hence, T e B(C"\C n ) ® 1. So, for any irreducible corepresentation U of A, we have 

^2,12^23 = U* 3 UisV2 t 12T23 

= u? 3 t 23 mu) 

= T2sU 13 Ui3Vi t i2 
= ^23^1,12 • 

So T comes from an intertwiner from V\ to V2. This shows that F is full. 

For an intertwiner T e Hom(Vi, V2) we have F(T*) = F(T)* , so i 7 is a C*-functor. 

If Vi,V2 are finite dimensional corepresentations of A°° op , ip\,ip2 an d V' denote the maps associated 
with Vi,V 2 and ^1,12^2,13 = F1SV2 respectively, then (id® ip)(U) = UuVi^V^^ = (id(x)0 2 ) o 0i(^), 
for every irreducible corepresentation U e B(iJ[/) (x) A of A So ?/> = (id ® V2) V^i- We obtain 
F(Vi) ®m F{V2) = F(Vi [x] V2) and this unitary isomorphism is natural in V\ and V2. Hence F is a 
tensor C*-functor. 

Step 3. F is essentially surjective. 

Proof of Step 3. Let % be a finite index bimodule in Bimod(M c ,4 k M). Write % = l~i{ip) for 
some V : M -+ p(M n (C) ® M)p satisfying p e (1 ® TV)' n (M n (C) ® M) and ^(x) = p(l ® x) for all 
x e N. Since iV 1= M is irreducible, we have p e M n (C) (x) 1, so we may assume that p = 1. For an 
irreducible corepresentation [/ of A, by the same calculation as in Step 1, we obtain 

(id®il>)(U)U&au(x) = au(x)(id®il>)(U)U& , 

for all x e N. Since N is linearly generated by the coefficients of au(N), it follows that 

{id®^)(U)U? 3 = Vu, 12 

for some element in V v 6 B^t/) ® M n (C) cig) M n (C). Let 

V= □ V f7 eA®M n (C). 

(7 irr. corep. of A 

We show that V is a corepresentation of A coop , i.e. that (A®id)(V) = V13V23. It suffices to show 
for any irreducible corepresentations ?7i, f/2, £^3 and any intertwiner T e Hom([/i, S U3) that we 
have 

^/ 2 ,13^/ 3 ,23(T®id) = (T®id)(V f7l ) . 

Indeed, we have 

(T ® id)(Vf/ 1 ® 1) = (T®id)(id®V)(C/i)t/*i3 

= (id ® V)(f/ 2 )l34(id ® V)(t/3)234(c/2,14^ 3 ,24)*(r ® id) 
= (id®0)(C/ 2 )l34^3,23C/ 2 *14(r®id) 
= (id®V)(f/2)l34f/ 2 *14^3,23(T®id) 
= ^2,13^3,23 (T® id). 

This shows that V is a corepresentation of A and %(V>) = F(V). □ 
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